Journal of Statistical Physics, Vol. 83, Nos. 5/6. 1996

Metastable Fluid Flow Described via a
Discrete-Velocity Coagulation—Fragmentation Model
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A discrete-velocity Boltzmann model is introduced. It is based on two prin-
ciples: (i) clusters of particles move in R? with seven fixed momenta; (ii) clusters
may gain or lose particles according to the rules of Becker-D&ring cluster equa-
tions. The model provides a kinetic representation of evaporation and condensa-
tion. The model is used to obtain macroscopic fluid equations which are valid
into the metastable fluid regime, 0 <p <pgs+ O(u”?), where o is any positive
number, g is the inelastic Knudsen number, and pg is the saturation density.

KEY WORDS: Boltzmann equation; evaporation; condensation; cluster;
nucleation; shock wave; metastability.

INTRODUCTION

The purpose of this paper is to use a discrete-velocity kinetic model for a
gas exhibiting coagulation and fragmentation as a mechanism for deriving
the approximate fluid mechanical equations for isothermal metastable fluid
flow. It is shown that a careful application of Penrose’s construction of
metastable states for the space-homogeneous Becker-Déring cluster equa-
tions''? can be used to derive the macroscopic fluid equations for small
Knudsen number.

Recall that the space-homogeneous Lebowitz—Penrose version of the
Becker-Déring cluster equations'''* describe the dynamics of quantities
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N¥(t), a =1, 2,..., which represent the concentration of a-particle clusters or
droplets in a condensing vapor. The equations are

de(t)=~9_1—l(N)_Z(N)’ o(=2, 3,...
dt

dN' S
d{"’: —Z(N) = ¥ TYN)

where
TN)=a,N'(t) Nt)=b,,  N**\(1)

and N* denote the components of the infinite vector N. The equilibrium
solutions are N =2,z% where 2,=]17_,(a,_,/b,), «=2,3,..,2,=1
The density p(t) of vapor is given by p(t)=>7_, aN*(¢) and hence at equi-
librium the density is given by p.,=>7_, a2(N"')* The case of interest
here is when this power series has a finite positive radius of convergence zg,
for then the maximum equilibrium density is given by ps=3>7_, a2,(zs)™

For plausible assumptions on the kinetic coefficients a,, &, refs. 1, 2,
and 14 have shown that for initial data N*(0) with p,=3% 2, aN*(0) we

have p(?) = p, and:
(i) fO<po<ps, then N(1)—» N, in X at t - oo.
(ii) If py>pg, then N(£)*N,, as t — co.

Here X is the Banach space given by {N* a=1,2,., |[N|<ow},
IN| =37 ,a|N*, and “—” denotes “strong” convergence, while “*~”
denotes “weak *” convergence.

We thus see that equilibrium states strongly attract initial data for
0<po<ps, but for po>ps mass conservation |p(t)|=pol precludes
strong decay and only the weak decay (ii) is obtained. This result suggests
the existence of states with p,> pg which, while not equilibria, possess
exceptionally long lifetimes in the region p(f) = p,>ps. Such a class of
solutions was discussed by Penrose.'?’ He proved that there is indeed a
class of “metastable” solutions of the Becker-Déring equations with
N(0) —z5 small and positive which take an exponentially long time to
decay to their asymptotic steady states [as predicted by (ii) above]. (An
“exponentially long time” means a time that increases more rapidly than
any negative power of the given value py— pg as pg—ps—0.)

A key element of Penrose’s construction of the initial data for his
metastable states is the use of data that yield the “collision” terms on the
right-hand sides of the Becker-Déring equations exponentially small in
N'—zg. Hence a natural guess is that if one imbeds the Becker-Déring
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equations into a discrete-velocity Boltzmann structure, a similar construc-
tion to Penrose’s will give a class of “metastable” states for which the colli-
sion terms are asymptotically small in some sense similar to what Penrose
has provided. In fact, the model given here provides such states, which are
termed “approximate Maxwellians,” and the smallness of the collision
terms is shown to occur in terms of the convenient macroscopic variables
p—ps, le, the collision terms are exponentially small in p—pg as
p—ps—0.

The existence of such “approximate Maxwellian” metastable states for
the Boltzmann structure allows the derivation of the macroscopic fluid
equations even into the region p > ps. The method used is a variant of the
Chapman-Enskog expansion and yields the viscous Navier-Stokes equa-
tions and a relation for the pressure p which are formally valid in the
region 0<p<ps+ O(n’), where ¢ is any positive number and y is a
Knudsen number. (A schematic diagram for the pressure as a function of
density p for slow flow is given in Fig. 1.) Thus, in the hydrodynamic limit
as u — 0+ the domain of validity of the fluid equations contracts to the
region 0 < p < pg. That is, on the mesoscopic time scale of the kinetic equa-
tions metastability is meaningful and the Navier—Stokes equations govern
the flow, but on the hydrodynamic time scale obtained as u— 0+ the
Euler equations govern, but only for states p, 0 < p < ps. This is another
way of looking at the decay results (i), (ii) above.

The results indicate that metastability is a dynamic phenomenon and
the dynamics of spatially segregated phases (stable vapor and metastable
vapor) can be studied on the kinetic time scale via the viscous
Navier-Stokes equations.

The model itself has been presented in refs. 15 and 16 and is based on
two simple concepts:

(i) Individual particles coagulate into clusters and these clusters may
themselves fragment according to the rules of the Becker-Doéring cluster
equations.

(i1) Clusters move with seven fixed momenta.

Unlike the usual discrete-velocity models of the Boltzmann equation
such as the Broadwell model, the gas at hand is a gas of clusters with no
a priori bound on the cluster size. Basic ideas used in the construction of
the model come from refs. 3 and 8-10.

The model is also motivated by the paper of Chen et al‘® which
derived a lattice gas model for a gas admitting coagulation and fragmenta-
tion. While lattice gas models are advantageous for machine computation,
they do not process the analytical simplicity of discrete-velocity models.

822/83/5-6-18
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Fig. 1. (a) Fluid dynamic limit: The inelastic Knudsen number is 4 =0 and the compressible
“Euler” equations apply for 0 < p < ps, where p is the saturation density of the gas. (b) Small
inelastic Knudsen number g > 0: The compressible viscous “Navier-Stokes”™ equations apply
for 0 < p <ps+ O(i”), where o is any positive number, i.c., into the supersaturated metastable
regime.

This seems particularly important for the goal at hand, which requires
rather careful mathematical analysis. It is here that the simplicity of the
model becomes valuable. Further work will provide generalizations to con-
tinuous velocity and perhaps lattice gas models.

The paper is organized as follows. Section 2 derives the mathematical
model. Section 3 provides the relevant information on the kinetic coef-
ficients and the crucial concept of critical cluster size. Section 4 introduces
the idea of an approximate Maxwellian which is the distribution function
capable of describing both stable and metastable fluid states. Section 5
derives the “Navier—Stokes” equations valid on 0 < p <pg+ O(u?), where
o is any positive number, u the inelastic Knudsen number, and pg the
saturation density, via a modification of the Chapman-Enskog expansion.

Notation. (#7)” means the quantity »} raised to the pth power; n
means the tensor whose components are ny, while n* denotes the vector
whose components are 1} for each fixed o, a =1, 2,.... Finally, i, j, k denotes

the standard set of mutually perpendicular unit vectors in R>.
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2. THE MATHEMATICAL MODEL

We consider a discrete-velocity gas of identical particles each of mass
m contained in R’ A point in R? is identified with its Euclidean coor-
dinates (x, y, z). The particles are grouped into clusters possessing 1, 2,...,
particles. The clusters move with fixed momenta P,=mci, P,= —P,,
P,=mcj, Py= —P;, Ps=mck, Pg= —P;5, Py=0. A cluster made up of
a-particles will be called an a-cluster. It is clear that an a-cluster with
momentum P; has velocity v =P, /ma.

As the clusters move, they collide in a binary fashion. Both elastic and
inelastic collisions are allowed. In terms of the momenta P, the elastic colli-
sions will be represented by P, + P, =P, + P, =P, + P, while the inelastic
collisions are defined by P, +P,=P,, P;+P,=P,, P;+P,=P,,
P,+P,=P; (i=1,.,6). Notice that elastic collisions conserve mass,
momentum, and energy; inelastic collisions conserve mass and momentum,
but not energy. We denote by n7(x, y, z, t) the number density of a-clusters
with momentum P; at a point (x, y, z) at time >0, ie, the number of
clusters in this c]ass per unit volume.

A collision of an a-cluster with momentum P; and a f-cluster w1th
momentum P; which yields a J-cluster with momentum P, and a y-cluster
with momentum P, will be represented by (n?, nj’.‘ )= (n2, n}). This notation
allows us to write the allowable elastic collisions as follows.

1. Mechanical collisions: (n}, n5)— (n%,n3) (prob. 1/3), (n3, n3)
(prob. 1/3), (n%, ng) (prob. 1/3), with similar statements for (n3, n3),
(n3, ng).

2. Exchange collisions: (a) “head-on” collisions: (n%, n%)— (n%, n%)
(prob. 1/6), (n#, n3) (prob. 1/6), (n%, nf) (prob. 1/6), (n%, n%) (prob. 1/6),
(n%, n%) (prob. 1/6), (nf, n%) (prob. 1/6) with similar statements for (n%, n%)
and (n%, nf). (b) “Angle” collisions: (n}, n%) = (n3, n#) (prob. 1/2), (n#, n%)
(prob. 1/2), with similar statements for (n, n%) and (n%, nf).

We only allow inelastic collisions of the Becker-Déring type,''' ie.,
where an a-cluster may gain or lose a l-cluster in coagulation or fragmen-
tation, respectively. The coagulation of a I-cluster with momentum P; to
form an (a+ 1)-cluster with momentum P, is represented as (n], n; )—>
(n3*"), while the fragmentation of an (« + 1)-cluster with momentum P,
into a l-cluster with momentum P; and an a-cluster with momentum P,
will be denoted by (n;*')— (n;,n}). With this notation the allowable
Becker—-Doring inelastic collisions are as follows.

a—1

1. “Head-on” coagulation: (n;,n3~"), (n3=',n3), (n3,n5~"),

(n3= ' m), (nd, ne Y, (n271, nl) > (nd).
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2. “Moving cluster coagulates with rest cluster™ (n n3~h,
2=y —ont, j=1,2,..6.

3. Reversal of 1 (fragmentation): (n3)— (n,,n3~") (prob. 1/6),
(n$=',n) (prob. 1/6), (n3,n3~"') (prob. 1/6), (n3~',n}) (prob. 1/6),
(ns,ng_') prob 1/6), (n:~", ng) (prob. 1/6) if « > 2; (ng) — (n}, n}) (prob.
1/3), (n}, n}) (prob. 1/3), (n}, n}) (prob. 1/3).

4. Reversal of 2 (fragmentation): (n7)— ( no“) (prob. 1/2),
(ng.ni~ ") (prob. 1/2), j=1,2,.,6 if a>2; (n )= (), my), j=1,2,.,6.

The rate equations governing the motion of clusters are given by the
transport equations

(n

0
%lf+v V” ——-Ez( )+]7(n), _]=09 la 2,..., 63 (l=1,2,...

The calculation of E7 has been given in refs. 9 and 10 according to the rules
of discrete-velocity kinetic theory, i.e., these terms are proportional to
collisional cross-sectional areas, the relative velocity of the particles before
collision, the probability of each admissible collision, and both number
densities of the colliding particles.

Clearly E3=0, a=1,., and we record the set of E} by their
appropriate formulas:

c
& X -3 X
(F i a0 nf s—2n7n7, )

a 40,
Eﬂn)=§

< O, 1 l P P
+ 3 — (5 /3 (nfni +nf n? s+nf 0%,
B+

a B B -3
+nj+4nj+5+nj+4nj+5 5n%nf, )

J i+l
5
+ Z c0.5Ry {n Z nte—ni oy 11f+k}, j=1,3,5
B#Ex k=2
4 g,C

E(n)=3

> CO4p 1 1
+ Z 6 <&+E (” 1”/}+n/+lnjﬁ+’+n/+' J+2

o®€ x X &€ 3 a
(nf e nfy+ 07, 307, o — 205 ny)

pa
+nf, 0l 0t +x”/+4 Sntnf_ )
4
1 .
+ Z Co-u[fRalf {n Z ’1 ;i Z 1_{-{-/{}’ _]:23 4a6
B2 k=1

where 7, ¢=n; in the above formulas.
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Here 0,5 and cR,; denote the collisional cross-sectional area and
magnitude of relative velocities in a (nj‘,nf) collision, respectively. An
estimate of o,; is easily obtained by noting that it is proportional to
(ra+rg)? with r,, rg the radii of a- and f-clusters, respectively. Since the
volume of an a-cluster is $7ar}, the radius of a spherical a-cluster is r,a '/
and hence a,, is proportional to ri(x'” + f'#)%. To compute R,; we note
that the velocity of an n} cluster is P;/ma and that of an n? cluster
is P,/mp. Hence R,;=(l/a+1/B) for “head -on” collisions and Ry=
(1/a> +1/8%)'”? for collisions at a right angle.

The inelastic collision terms /7 are computed according to the rules of
proportionality to the probability of each admissible collision and the
number densities of coagulating or fragmenting clusters. We then see that,
according to our list of inelastic collisions, I7(n) satisfy the following
relations.

For 2 <a:

my=ay/ ning™'+(1=0,,)al’, \ni" 'ng—bin;

_ jj+| J 01
+(—all'nin),  —alning
J a+l 11,0 x+1 ;__
+3bs 0 gby ), j=13,5
a 1~l a—1..1_ 13j =«
IHm)y=ad/ ng~ '+ (1 —0,.)al? 157 ng—bing
o gdd—lga 0]
+(—ay" 'nin;_—ayinin,
+ 30 om0 ngtY),  j=2,4,6
Iac( ) bO,z o1 a—1,1
0 10+am_l 3T n +ad 1 13 Ny
. -1 .1 2,1 1,1
+ad?, ngT ' ni+(1=6,.0at s _ mank_,

+atl_mnT +aS)_ ngntT")

6 6
a 0,1 a+1
+<—n0 Y ading Z kong >
k=1 -

’Jl'—

Fora=1:,

=]
I}{n)= Z {a““njnfﬂ+a, oning

. bo
_(1+6ﬂ1)<% o l6+ﬂ 1+ﬁ>}, j=1,3,5
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I}(n)=— z {a“*‘n nf_ +afSnin§
B=

1 b}
_(1+(5,,,)<2b,+/,,,l+p+ |6+/r |+/3>}, j=2,4,6

=-Y {no Y, abink— (l-i—éﬁ1 Z b,+,,n,1\+/’}
p=1

k=1

The a’% and b/, , are positive kmetlc rate coefficients for coagulation
and fragmentatlon respectlvely The a ﬂ satisfy the principle of detailed
balance a/}=a}’ =ak’.

Here ¢ denotes the Kronecker delta (6,-j=1, i=j, 6,=0, i#j) It
enters the formulas to prevent double counting of collisions when o =2,

It is a straightforward exercise to show

Y IE-I5,=0, j=1,35
Next define the quantity
6 6
Jon)=nj Z akfnp+(1—0,)ny Y, a&ng

k=1

ko k
+(1=6,4) Y abi*t'ning,
k=1.3.5

+ Y dktt'ngmg,,— Zle e+l for 1<«
k=24.6

It then follows that
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Let us define

n;=n;p
where p is a typical value of the density Zf=02f=l an’, with x=xL,
y=yL, z=7ZL, and ct ={L, where L is a typical macroscopic length. Hence

i, X, j, £ are dimensionless quantities. Then, for example, we see that

ony lony L
+___

. =—(E*+1I7
df o 0Ox cﬁ( i+ 1)
Hence we have
ony 10nA P
—+—-—=Lrp(E}Y+—1I%
i Taox ripl l)+cﬁ !

where we define E} as E with ¢ =1, n7 replaced by a7, and r;=1 in the
definition of o,5. Next set ¢=1/Lripj, which is the dimensionless elastic
Knudsen number.

I possesses both coagulation and fragmentation coefficients. It is
natural to assume that the coagulation coefficients a/’ scale in a similar
way to the elastic collision coefficients, i.., they are proportional to cr3. By
consistency we then assume that the fragmentation coefficients b/, are
proportional to cryp.

Thus, setting

. : . €
Lk 225k
arf=criat’ —

.1
a. 1 a.l“
2 ] =
btx+l_cr1pbu+l

where u is the dimensionless inelastic Knudsen number, and I is I* with
n; replaced by 77, al*, b/ | replaced by the above definitions, we see that

% 12

ot 10w _E3 | I
0f adx & pu

Finally, we drop the overbars and we have derived the system

onf§ Ex I*
Ve Vne=—Ly L 2.1
6£+ ;Y e+,u 2D
ve=d =16 (2.2)
o
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Next define

pu=)Y aN°u =

a=1

pv=) aN“v*=

x=1

o

pw= Z aN*w* =

a=]

u={(u, v, w)

Then the equations for transport of

0 ey Ja
E(N ) + div(N*u*) =

0 1 : 1oy
arN +div(N'u') =

the equation for conservation of mass is

ot

—I_J:x

o
Y. (nf—n3)

a=1

o

Z (n§—ng)
a=1

.

Y (ni—n3)

=1

a-clusters are

)
A
R

3

J, == J,

a=1

7

2/)+div(pu)=0

Slemrod

(2.4)

(2.5)
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and the equations for conservation of linear momentum are

a [

5, (P + Z (n$+n3)=0

2 o &1, . .
E(pv)+$m§l;(n3+n4)—0 (2.7)

xR

0 0 1
a(pn)+aa§| (nE+n%) =

[ We note that (2.4) is derived by Friedlander'” from the “general dynamic
equation for the continuous distribution function.” Friedlander’s presenta-
tion possesses mass but not momentum conservation, and coagulation but
not fragmentation kinetics. See also ref. 4 for a related approach.]

If we define the macroscopic symmetric tensor I7 by

Lol
H.\'.\": —pu- +Z; (’1?'}‘71;)

5 1
.= —PU"*'Z; (n5+n3%)
” |
I..=—pw?+Y - (n%+ng)
H.\'y: — puv
.= —puw
H_v:: —puow

then the conservation of linear momentum may be expressed in the familiar
form

0 .

a(pu)+d1v(pu®u+ﬂ)=0 (2.8)
The hydrodynamic pressure is p =} trace I, so that
pi—[ﬁ) a2+ 3,

We define the elastic and inelastic Maxwellian states as to those n for
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which all Ef=0 and I7=0, respectively. The elastic Maxwellian states

have been computed in ref. 10, p. 66, and have the form
n*=(0,e" e ", e e e e ) C*
+(n3,0,0,0,0,0,0), a=1,2,. (2.9)

where the parameters C*>0, ¢, ¢,, ¢; may depend on (x, y, z, ). Notice
since nj does not enter the elastic collision terms, it is as yet unconstrained.
We define ¢ =(c,, ¢», ¢3).

The inelastic Maxwellians are not so readily identified. What is rather
straightforward to do is to obtain the inelastic Maxwellians which are also
elastic Maxwellians. For convenience we call such states simply Maxwellians.

For simplicity we will only consider the case

af*=ay, S k=0,1,.,6, 1<p
b= by, j=1,.,6, 2<f
by =3by, 2<p
The reason for the value 3 in last assumption becomes clear in the com-
putation of the inelastic Maxwellians. In fact, any positive constant would

suffice with a corresponding change in our formulas.
As shown in Appendix A, the Maxwellian states are given by

0= (1,e% e e e e, e”%) Qu(n))* (2.10)
where
Sy _y - Q
Qa=2“‘-ﬁ, a=23,... 0, =1 (2.11)

a

Next define the series

P(z)= i Q. (z), k=—1,0,1 (2.12)

1

o

We then see that on Maxwellians the four macroscopic variables p, pu, pv,
pw can be related to the four Maxwellian parameter c,, c,, c3, 1} by the
relations

p=(1+2coshc, +2cosh c,+2cosh c;) #(ny)
pu=2sinh ¢; Z(n})

oo (2.13)
pv=2sinh ¢, Z(n})

pw =2 sinh ¢; B(n})
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We also see that the hydrostatic pressure p satisfies

p+3p |uf*=3(cosh ¢, +cosh ¢, +cosh ¢;) Z_,(n)) (2.14)

3. KINETIC COEFFICIENTS AND CRITICAL CLUSTERS

So far we have not made any restrictions beyond positivity on the
kinetic coefficients a,, b;. Following Penrose,''® we now make the following
physically motivated assumptions:

(i) There exist positive constants 4, A’, x, with 0 <« < 1, such that

A'<ag<dAf<  (B=1,2,..) (3.1)
(1) We have
lim M:l (3.2)

(ii) The sequence bg/a, is monotonic decreasing, with a positive
limit which we call zg, ie.,

b
b“‘s—” (£=2,3,.) (3.3)
b
lim — £ =z,>0 (3.4)
/)'—#-:D aﬁ

(iv) The sequence b;/a, converges to its limit like a negative power
of 8, but not as rapidly as #~'; that is, there exist positive constants y, y’,
G, G’ satisfying

!

O<y<l, O<y

such that
by .
zsexp(Gf ’)<g<zsexp(G',8 ") (3.5)
7

One consequence of the assumptions (i)-(iv) is that the series

«©

2 a0 (2)* (3.6)

a=1
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has by (3.2), (3.4) the positive radius of convergence

Moreover, (3.5) and Theorem 2 of ref 10 imply that the series (3.6)
actually converges when z=z;. Its sum will be denoted by pj:

ow

ps= ), aQ,(z5)* <0 (3.7)

x=1

We observe that on Maxwellians the density is well defined and given
by
p=(1+2cosh ¢, +2cosh ¢, +2cosh c;) #(n})

when 0 <5} <zg. The maximum value of this quantity for fixed ¢ is then
ps={(1+2cosh ¢, +2cosh ¢, +2cosh ¢,) ps (3.8)

This sum is usually interpreted as the density of saturated vapor and for
convenience we will not subsequently denote its dependence on ¢. For
0<ny<zg, pu and p are also well defined. On macroscopic equilibrium
Maxwellians the hydrostatic pressure satisfies

p=22_,(n}), 0<ni<zg (3.9)

From the chain rule and the positivity of the kinetic coefficients dp/dp =
(dp/dny)/(dp/dn}) we trivially observe that p is a monotone increasing
function of p. Of course we can eliminate n; from (3.8), (3.9) to find p
explicitly as a function of p in terms of a power series in p:

p=23p—3 52"+ ] (3.10)

which is valid for 0 < p < pg, ¢, =co,=¢;=0.

For fixed = > 0 one could define the critical cluster size o* as that value
of a that minimizes the quantity @, z* ie., for a Maxwellian state given by
(2.10) we will have

n<nt,  BEa* (3.11)

where 0<,<6. For computational convenience, however, we follow
Penrose''? and define the critical cluster size a* as that value of « that
minimizes the quantity a, Q,(z)% ie., for a Maxwellian state given by (2.10)
we have

a.ny <agn?, B #a* (3.12)



Discrete-Velocity Coagulation-Fragmentation Model 1081

where 0 < j < 6. We then readily see that a, @, z* is monotonically decreasing
in a for z fixed when

(laQa(:)a<[la—l Qa— I(:)m_I

or equivalently

P PRy (_)m<2a_3aa_, cea
- B3 "

2 b, b, b,_,-- b,

(z)*~!

that is, those « for which z <3b,/a,. On the other hand, a,Q,z* will be
monotonically increasing in « for z fixed for those « for which

~a+1 -
a:x+lQa+l‘ Zaszm-

ie., those o for which z>1b,,,/a, .. Hence, since b,/a, is monotone
decreasing by (iii), we see for a* that

lb“‘“g:glb“*
2d,. 4, 2 dy.

(3.13)

we have «,Q,c* decreasing for | <a<a*, a,Q,z* increasing for a* <a.
For fixed = the a* satisfying (3.13) thus defines the critical cluster size (in
the sense of Penrose). We take b, = oo to take care of the case when
z>b,/2a,. Since for 0 <z <z the ratio test tells us that a* = o0, we know
that as z ~ zg, a* = co. One may think of the cluster with a =a* as a con-
densation nucleus from which larger supersaturated vapor phase clusters
form. Of course this computation only makes sense on Maxwellians, but it
allows us to identify clusters with 1 <a <a* as being vapor clusters and
clusters with a* <a as being supersaturated vapor clusters. In particular
the above designation allows us to quantify the supersaturated vapor and
vapor components of our gas.

We also note that along elastic Maxwellians an H-theorem can be
proved. This is given in Appendix B.

4. APPROXIMATE MAXWELLIANS

In Section 2 we defined a Maxwellian state n=(n}) as an elastic
Maxwellian which is also an inelastic Maxwellian, i.e., a solution to (1)
Ef(n)=0, 1<a, (i1) Ign)=0, 1<a, (1) 0=J,_(n)—J,(n), 2<a<c0,
and (iv) 0= —J,(n) =X 7_, J(n). As noted in ref 12, nucleation theory
tends to regard J (m) taking on a common «-independent value as more
sensible thermodynamic equilibrium in the space-homogeneous case. For



1082 Slemrod

example, such a state, if it was also an elastic Maxwellian, would satisfy (i),
(iii). Leaving aside for a moment condition (ii), we see that the classical
theory cannot satisfy (iv), which followed from conservation of mass.
Hence we can either disregard mass conservation, which seems unphysical,
or introduce a new idea suggested by Penrose’s theory and define an
approximate Maxwellian state. An approximate Maxwellian state will
satisfy (i) exactly, but (ii)—(iv) will be satisfied approximately when
p(n}>pg and exactly when 0<p(n)<pg. [Notice since (i) is satisfied
exactly, the parameter ¢ is determined by virtue of n being a fixed elastic
Maxwellian.] Thus, for unsaturated and saturated states approximate
Maxwellians will be true Maxwellians. The importance of approximate
Maxwellians is that they define metastable states for pg < p.

Before giving a precise definition of approximate Maxwellian, we
recall some terminology used by Penrose.''?

Definition 4.1. Let ¢(z) represent any quantity depending on z.
Then “g(z) exponentially small in (z —z4)” means for all positive m we
have g(z) = O(z — )", ie, g(z)/(z—z5)™ is bounded as = \ z.

The expression “g(z) is at most algebraically large in (z — z5)” means
for some positive m we have ¢(z)=0(z —z5) ™™

We can now define an approximate Maxwellian.

Definition 4.2. An approximate Maxwellian n is (i) an elastic
Maxwellian with associated density p{n) so that (ii) Ij(n), 1<a, (iii)
Jo_im)=J,(m), 2<a, (iv) Ji{n)+X 7, J(n) are identically zero when
0 < p(n) < ps and exponentially small in p(n)—pgs as p(n) ~ pg. Further-
more, J,(n)=0, 1 <a, 0< p(n) < ps.

For p>ps the approximate Maxwellian states are defined as the
metastable states. Again recall that since n is a fixed elastic Maxwellian, ¢

is fixed for p(n) and pg.

Approximate Maxwellians have now been defined. The next step is to
construct such states. This is done in the following lemmas and theorem.

Lemma 4.3. Set

I ={t §
R UITE - N E R

fiz)=z

(8]

ry

\

3]
%]

i 1
FH2) = 0u(2) (=) { 5 ——}

\f+1
f=0a a/fQ/](é)/ +
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We now follow Penrose!'*' and use his concept of a space-homogeneous

metastable equilibrium as the basis for our candidate for an approximate
Maxwellian. Specifically we set

Qa(z)a» l<ot, nggzs
g ()= =), aLa*, =z

> (4.1)
0.(z5)% a>a* s>z

where a* (which depends on z) is the critical cluster size defined in
Section 3.
We now state the main result of this section.

Theorem 4.4. The state

m’=(l, e"', €_d', erlg’ e—-(lg, (,"13, e-dg) ga(m(l)) (42)

is an approximate Maxwellian.

The proof will be based on a lemma and theorem of Penrose!'? and
some additional lemmas. It is given in Appendic C.

5. THE CHAPMAN-ENSKOG EXPANSION

In this section we perform the Chapman—Enskog expansion to obtain
the fluid dynamic approximation to the kinetic equations for g small. The
presentation follows the formulation given in the paper of Chen er al.'
The computation will show that p, pu satisfy the “Navier-Stokes”-like
system

dp

3 +div(pu)=0 (5.1)
a(gtL{)Jr%él mi‘+m;=0w) (5.2)
a(a,-;v)jL%a':I M3 o) (53)
a(g;v)Jr% 3 MM o) (54)

a=1|

where m(p, pu) is the approximate Maxwellian given in Theorem 4.4
expressed in terms of the macroscopic quantities p, pu. The “Navier—-
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Stokes™-like system (5.1)-(5.4) will be valid into the saturated regime as
long as 0 < p < ps+ O(u°), where o is any positive constant. For slow flow
(5.2)-(5.4) will deliver an equation of state schematically suggested by
Fig. 1. In the fluid mechanical limit x — 0+ the domain of validity of
(5.1)-(5.4) collapses to the states for which 0 < p <pg.

The expansion procedure is a bit tedious, but important, since it shows
the crucial role of the approximate Maxwellian. We give it below.

Assume that we have let ¢ > 0+ in (2.1), so that the g-limit micro-
scopic state n is an elastic Maxwellian and satisfies (2.5)—(2.8). Next we
assume the 11 can be expressed in terms of the macroscopic variables p, pu,
where u is the velocity vector (u, v, w), i.e., ny=K3(p, pu). We write the
macroscopic conservation laws of mass and momentum (2.7), (2.8) as

0
a—lt)+div(pu)=0 (5.5)
Olpuy 0 Z K°;+K§>_
3 +6x1§‘1< —)=0 (5.6)
dpv) 0 & [(K3+K;
5 +8y Zl< " > 0 (5.7)
apw) @ & <K§+K‘g>_
5 +621§1 — =0 (5.8)
plus the kinetic relations
oK* —J
+div(1<uu“>=1“;—“ (59)
ot u
oK! -J, -3 =
—+div(K‘u‘)=J—'—“—=1—J—“ (5.10)
ot 7
0Ky I
T (5.11)
where K* = o Kj,u=(u,v,w), u * = (u®, v*, w*).

Since K7 depend on x, y, z, ¢ through p, pu we can use the chain rule
to compute (5 9), (5.10) via {5.5)-(5.8):
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oK . aK:x o = K?“}'K;
~% (le(pu))_m<a1§1< * >>

_ oK™ <£ i (K;-*—K:))_
a(PU) aya=| &

OK* [0 & (Ki+ K3\, 9 (Ki—K;
‘a(pw)<aza§,< @ ))*ax< « )

0 K;—Kﬁ) 0 K‘;——KZ)
+8y< a +02( «

Ja1(m) —J (m)

s 2<€a
u

= 5.12
—Ji(n) — ::\Ja(n) ( )

s a=1

7
_ 0K} _ 0K} <i = <K°,‘+K°2‘>>
5p v~z 2 (T

ae=1
11
= fom) (5.13)
i
Now we expand K7(p, pu) in an asymptotic expansion in u:
K3 (p, pu)y=mji(p, pu) +puwi(p, pu)+ - (5.14)

where m is the approximate Maxwellian given by (4.2). It is easy to see
that m can be expressed in the macroscopic quantities p, pu: we just set

p=(14+2coshd, +2coshd,+2coshds) T agi(ml)  (5.15)

a=1

pu=2sinhd, ¥ g*(m}) (5.16)
a=1

pv=2sinhd, 3 g*(m)) (5.17)
a=1

pw=2sinhd; Y g*(mg) (5.18)

o =1

§22/83/5-6-19
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Equations (5.16)—(5.18) define d,, d,, d, in terms of pu, m}. Substitution
of these relations into (5.15) defines m, in terms of p, pu. Hence we obtain
the functional relations

d,=d(p, pu), mb=mlp, pu), i=1,273 (5.19)
and also
m*=[1+2cosh ﬁ,(p,pu)+2005h d(p, pu)+2 cosh dy(p, pu)]
x g*(rho( p, pu))

a__ 6 a
where m*=3%7_,mj}.

Our goal now is to find w7(p, pu) by substituting the expansion (5.14)
into (5.12), (5.13) and matching terms of order one.

First we must determine the structure of wj. Since n is an elastic
Maxwellian, it satisfies (2.9), while m satisfies (4.2). Hence

n=(nj, C%, C*e™, C*?, Ce™ 2 C*?, C"e™?) (5.20)
m=(1, e e~ e e~ % e7B) g% (my) (5.21)
with
ng=g*+uk*+ O(u?), C*=g*+uh*+0(1?), c;=d;+ul,+ O0(u?)
i=1,2,3, azl
Then we see
Ce“ = g% + pe(h* + g*l,) + O(u?)
Ce™ =g~ + pe =% h*—g*l,) + O(1*)
w=(k* e"(h*+g*l)), e~ (h*—g*1,), e(h* + g°1,),
e h*—g*l,), eB(h* + g*l3), e ~H(h* —g*l)) (5.22)
and with
A =2(/, sinh d, + 1, sinh d, + /; sinh d5)
we have
C*S . =g"S,+1(h*S,+g°R) + O(u?)
S.=2(cosh ¢, + cosh ¢, + cosh c;) (5.23)
Sq=2(cosh d, + cosh d, + cosh d;)
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Next we recall that along an elastic Maxwellian n
Jm)y=S.a,n3C'+S(1-5,,) Ca,nj+(6—36,,)a,C'C*

_ba.+lcm+lSc—3ba+lng+l

while

J(,L(m)=Sdamg“gl +S41—-06,,) g%, 8" +(6—30,,)a,g'g"

—bu+1ga+lsd_3b1+1ga+l

which when combined with (5.23) yields
J —-J
—i(n)ﬂ&=5h(m) + O(u), =1 (5.24)

where

8J (m)=S,a.(g*h' +kg")+ Ra,(g°g")

+ Sdaa(l _611)(/1agl +gahl ) +@aa(l _5ml)(gagl)
+(6—36,,) ah'g*+h*g"y—b, ., Sh**'
_b1+lgfga+l_3b:x+lka+]'

We then see that

T = o) _Too () = J0) 5y ) — 6, m)
J7 7
+ O(u), =2 (5.25)
and
i) = F I S i) =S )
I i
— Y 8J,(m)+ O(u). (5.26)

x=1

Similarly-we know that along an elastic Maxwellian n and for «a >2
I%n)= —n3(C'S ay+3b,) +(6—30,5) @y, C*7'C'+3b, ., C*+'S,

while for an approximate Maxwellian m

Iim) = —gX(g'Sqa,+3b,) +(6—35,5)a, g ' +3b.,,&8*"'S,
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We again use (5.23) to find

M=513(m)+0(y) (5.27)

where
oIim) = — S,a(g*h' +k*¢")— Ra (g°g') —3b, k>

+(6—30,0) a4y _1(g* "' +h* gy + 3b, 2 T1S,
+éba+]'@ga+l

For a =1 we note that

I(l)(n)= _Sc Z {611(1)61/;Cﬂ—3(1+5ﬂ,)b|+/jcl+'y}
p=1
Im)=—8, Y {6g'ayg?—3(1+6;)b,, 48" *"}
p=1
and hence
IMn)—1]
M=6Ié(m)+0(,u) (5.28)
L
where

SIm)=—S, 3 {6a,(ghk' +kPg")—3(1+3,,) by, 4h'*#}

p=1
—R Y {6a,8°g' —3(1+64)b,, 58"}
=1

Notice dJ,(m), dI3(m) are linear in h* k% ZX.
Now expand the left-hand sides of (5.12), (5.13) about m to see that

Lh.s.(5.12) =r"+ O(u)
where

pa _ag; (div( pu)) — om (6 z ml+m2>

A pu) a—xu] a
_ O <E i m§+m§>
A pv) \0y 2, o
om* (0 Z mi+m 0 [m}—m5
- I pw) <6z ;é‘] o >+ Ox < o >

+£<m3—m4)+2<ms_m6>, ax1 (5.29)
ay o aZ o2
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m*=(1+2coshd, +2coshd,+2coshd,) g*(m}), a1
_(1 e(l| e—(ll e(]’ —dz, e(l3, e—d;)ga(m(l))
my=my(p, pu), d,-=c?,-(p,pu), i=1,2,3

Notice that r* is a function of p, pu, and their first derivatives in x, y, z.
Similarly we find

Lhs.(5.13)=s*+ O(u)

where
X

ai ) _ og* i & mi+ms
5, antow—25 (5 3 )
0,

S (ﬁim;+m4>
d(pr)\dy ‘2, o

og* _0_ i m§+m§>
6(pw)< - Y . , =1 (5.30)

x

N

“a=1
Again note that s* is a function of p, pu, and their first derivatives in
X, ),

We now insert (5.25)—(5.30) into (5.12), (5.13) to find

ra:Ja_1(m)_Ja(m)+5Ja_l(m)_5Ja(m)+0(/[)’ a?z (531)

u

pr = Z0(m) = : =i M)y my— Y Sim)+0n)  (532)
a=1

Sizlg'(um)+613(m)+0(,u), azl (5.33)

It is at this point where m being an approximate Maxwellian comes to
the fore. Simply put, since m is an approximate Maxwellian, then (i) for
0 < p <pg, all the numerators in the O(1/u) terms of (5.31)—(5.33) are iden-
tically zero, and (ii) for pg<p, the numerators in the O(1/u) terms of
(5.27)~(5.29) are uniformly in a exponentially small in p — pg.

But (ii) means that the numerators are bounded by const-(p —pg)’
for all positive j if 0 < p— ps< @ for some fixed 6 > 0 sufficiently small.
So if we enforce the restriction

p—ps<const-(u)’ for any o¢>0, const >0 (5.34)
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we will have p — ps <0 when y is sufficiently small and the numerators in
the O(1/u) terms will be smaller than any positive integer order of u.

In summary, if (5.34) holds, the O(l/u) terms can be neglected in
(5.31)—(5.33) even though m is not a true Maxwellian.

We now equate order-one terms in (5.31)—(5.33) to obtain

F=67, (m)—dlm), o>2 (5.35)

F= —6l(m)— Y 8 (m) (5.36)
x=1

s =0Iim), o>l (537)

which is an infinite system of linear algebraic equations in #, (h* k%),
l1<a
We solve (5.35) recursively to find

oJ (m)=4J,(m)— Z r, ) (5.38)
=1

Equation (5.38) suggests setting

oI m= Y +,  axl (5.39)

j=a+1

which yields
=3 (5.40)
Hence (5.34) is satisfied. Substitution of (5.39), (5.40) yields

H

u[\/]%

Z Z (5.41)

a=1 j=a+1

which is equivalent to

i ar*=0 (5.42)

a=1

But a direct calculation of the left-hand side of (5.42) using the definitions
of r* and p shows that (5.42) does indeed hold to order one in x. [It is also
easy to see from (5.35) and (5.36) that (5.42) is a consistency condition for
solvability.] Hence, if d.J,(m) satisfies (5.39), Egs. (5.35), (5.36) are satisfied
automatically.
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The next step is to solve (5.37), (5.39) for %, h*, k* as functions of
p, pu, and their spatial derivatives. This step would involve a computation
of a four-parameter family of solutions with the additional computation of
an approximate solution (similar to an approximate Maxwellian) for 0 <
p— ps<const-(u)° Enforcement of the requirement that the approximate
Maxwellian m yield the macroscopic density and momenta (5.15)—(5.18)
requires that w makes no contribution to these macroscopic quantities:

o

Y. a[k*+ (2 cosh d, +2 cosh d, + 2 cosh d;) h*

a=1

+(21, sinh d, +2l,sinh d, + 21, sinh d5) g*] =0  (5.43)

sinhd, Y h*+l(coshd) ¥ g°=0, i=1,273 (5.44)

a=1 a=1

For example, if the four free parameters were h', /,, I,, /5, then
(5.43)—(5.44) would provide a system of four nonhomogeneous linear equa-
tions to determine their values. For the purposes of this paper we do not
attempt this rather tedious algebraic computation, but skip to the
immediate consequence of the Chapman—Enskog expansion. That is the
observation that substitution of the Chapman—Enskog expansion (5.14)
[which is formally valid under assumption (5.34)] into the macroscopic
balance laws (5.5)—(5.8) yield the approximate (i.., viscous compressible
Navier—Stokes-like) system of balance laws for mass and momentum:

a—p+div(pu)=0 (5.45)
ot
5( i Z my+ms — o) (5.46)
6(pv 0 Z mj +m4
o 6 Z =O(u) (5.47)
dpw) 0 & mi+mg
Fy 2 = o) (5.48)

where m? =m%(p, pu).

The main point is that this system is formally valid when
p—ps<const-{(u)” for any >0, const >0. Hence (5.45)-(5.48) are valid
into the supersaturated metastable regime ps < p up to a class of densities
of size pg+ O(u”) in y, where o is any positive number. As in Section 3, the
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hydrostatic pressure can be computed on the equilibrium (u=0)
approximate Maxwellian

p=17% ag*(my) (5.49)
x=1
o 2, 1

p=25% & (;”0) (5.50)

Since g* is monotone increasing in mj, we see that g, p are monotone
increasing and hence p is monotone increasing in p. Unlike the analytic
case in Section 3 where 0 < p < pg, the definition of g*(m,) suggests loss of
analyticity at p =pg, ie., m)=zg. Notice that, of course, the equation of
state into the metastable regime is an extension of the equation of state
already given for 0 < p < p5. Thus we have recovered Fig. 1. The use of a
discrete-velocity model limits the ability to find a true equation of state
independent of u. Hopefully this is balanced by the conceptual simplicity of
the ideas.

As noted earlier, (5.34) coupled with (5.45)-(5.48) suggests quite nicely
the qualitative nature of the fluid dynamical limit ¢ — 0+. That is, as
1— 0+, the domain of validity of the expansion (5.34) collapses to
p—ps<0 and we can only recover the inviscid conservation laws of mass
and momentum in the stable subsaturated regime. The model thus implies
that inviscid gas dynamics is not appropriate for mixed unsaturated and
supersaturated flow. Classical inviscid shocks between unsaturated and
supersaturated phases are impossible and viscous diffuse waves are the
appropriate mechanism.

APPENDIX A. COMPUTATION OF MAXWELLIANS

We compute the Maxwellians as follows: On a Maxwellian we must
have J,_ | —J,=0,2<a, and 0= —J, =3 7_, J,, I3=0, 1 €, combined
with the constraint of the state being an elastic Maxwellian. These
equalities of course imply I5=0, J,=0, 1 <o Now substitute the known
form of an elastic Maxwellian (2.10) into this set of equations. We find that

the equation I§ =0, 2 <«, implies

—n3(C'S a,+b%) +(6—-35,,)a,_,C*~'C!

+1b,,,C**1S. =0, 2<a (A1)
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and that J,=0, | <a, implies

S.an;C'+8S(1-6,,) Can)+(6-—36,,) a,C*C'
—b,  C*FIS = b2, n3t' =0, 1<« (A.2)

x4+ |

where S, =2 cosh ¢, +2coshc¢,+2cosh¢;. Since S, is arbitrary, we see
that

—n5Cla, +3b,,,C**'=0, 2<a (A.3)
—n3b+ CY6—3d,,) a,_,C*~'=0, 2<a (A4)
a,nyC'+(1—=46,,) Cany—b,, ,C**'=0, 1< (A5)
C'(6—30,,)a,C*=b, ni*'=0, l<a (A.6)
where obviously (A.4), (A.6) are equivalent.
Equations (A.3), (A.4) imply
a 1 1
—113C‘a,‘+(—l%+;€“aan(')=0, 2<a
or equivalently
—n2C'+ C*n) =0, 2<a (A7)
Substitution of (A.7) into (A.4) yields
——(6_35[;‘5)“““‘ C*(CHY =l =0, 2<«
or
2—9,, 2!
=320 (O, (A8)
nyb,
Substitution of « =2 into (A.8) yields of course that
3 a4
Cl==—(C"? A9
a1 50 (Ch (A9)
On the other hand, when a =1, (A.5) shows that
cr=Lylc (A.10)

b,
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and hence consistency of (A.9), (A.10) requires

0
2 2

ha_
(C) =%,

(ng)? (A.11)

Let us repeat this process. Substitute « =3 into (A.8) and a =2 into (A.5)
and equate the two representations for C* making use of (A.l11). After
some straightforward computations we see that the relation

b, b
—=—= A.l12
by B ( )
must hold. If we continue in this manner, we see that we need
by _ by
=t 2<p (A.13)
bﬂ+ ! b(/}-(- 1

to have a solution C* of (A.1), (A.2) which is independent of S. Of course
(A.13) can be expressed as

b, b
2B _ZE+l 2<p
6% b9

fi1 f+1

1e., b,,/b;’, is a positive constant independent of 8. For convenience we
chose this constant to be 1/3 so that we have 3b,=b} for all §. Equation
(A.11) then implies the simple relation C'=nj. (Of course any other
choice of the constant will not change our results qualitatively.) Finally,
(A.5)-(A.8) yield

C*=ny= Q,(n})~ 1< (A.14)
where
gty
=2a ~—_—_1 22
Q. b.---b, ®
Q|=1

We thus see that the Maxwellian states are given by
n*=(l,e" e e e e e ) Qu(nd)* (A.15)

and hence depend on the parameters ¢, n,.
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APPENDIX B. The H-THEOREM

In this appendix we prove that an H-theorem holds along elastic
Maxwellians.

Set
H=Y “[ln< i ) 1] HeY H
= n —1], =
LA Q.(z5) j=0 ’
Then
o0H 8 0 g
—+—(H, H,)+—(H;—H,)+—(Hs— Hy)
ot Ox z

5 5 p[mgri]
= . n
Z Tl Quzs)”
Along an elastic Maxwellian
n* = (ng, Ce", Ce ™, C%, C*e™ 2, C%e®, C7e™ )

we find

el C:x
= —J)1
2, U= “(Qu(zS)“)
ng C*
+a§ ] {n<Qa("S)a> n<Qa(ZS)a>}
% 1
(e 5 n)m()
a=1 <8

Ca-l-IQa " nﬂ
-5 . “‘(QH]C“ >+ L5 1“<C“>

a=1

After some direct manipulations the last expression is explicitly com-
puted and we obtain the following result.



1096 Slemrod

Theorem ( H-Theorem). Along an elastic Maxwellian the following
equality is satisfied:

oH 0 0
ET +0,\(H1_H2)+a_y(H3_H4)+_

3 , , byn?
= —!—1 (byng—a,(C')*) In <—(C—f—)2>

S N |~ b,C? >
—==(b,C2r = In{ —=—2"—
P (b.C*—anyC") n<a,n(1)C'

b ny
L loa=Nig [ —220
M 123 (325 =6, CCTT n<2(l1~1CIC1_l>

b, C*
=t x— | 1 1 - D
u E( faz1flo C>“<2aa_.na"'6'>

b, C* b, C*
e | Fac T P (L —
i 2 (e ) (G ne)

The right side is less than or equal to zero and vanishes if and only if the
elastic Maxwellian is also an inelastic Maxwellian.

APPENDIX C. CONSTRUCTION OF APPROXIMATE
MAXWELLIAN STATES

Proof of Lemma 4.3. First let us reconsider Eqs. (A.1) and (A.2).
Equation (A.1) followed from the fact that I5(n) =0, 2 <a. Now we replace
(A.1) by the weaker requirement

m)y=J(6-S5,) (C.1)
for some J independent of «. Notice that at equilibrium S =6 and /5=0
holds identically. Away from equilibrium (C.1) says that I3(n) is zero up to
quadratic terms in ¢, ¢,, C3.

Equation (A.2) followed from the fact that J,(n)=0, 1 <a. Now we
replace (A.2) by
J.(n)=J(6+2S,), 1<a (C.2)

so that (i) J,_,(n)—J,(n)=0, 2 <a, is satisfied.
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If we now substitute in the definitions of I§(n), J,(n) where n is an
elastic Maxwellian, (C.1) and (C.3) become, respectively,

—n}C'S.a, +b%) +(6—30,,)a,_,C*~'C!
+1b,,,C*'S,=J(6—S,), 2<a (C.3)
S.a,niC'+8(1—38,,) Claung+(6—36,,)a,C*C'
by OIS =B, nEt = J(6425), l<a  (C4)

We again use the fact that S, is arbitrary to recover an analogous
system to (A.3)-(A.6), ie.,

—niCla,+3b, C*t'=~J,  2<a (CS3)
—nib%+ C'(6—35,,)a,_,C*"'=6J, 2 (C6)
aniC'+(1-6,,) Cany—b, ,C**'=2J, 1<ax  (C7)
CY6—-3d,,)a,C*—b2, \ng*'=6J, 1< (C.8)
We note that {C.6) and (C.8) are equivalent.
Next multiply (C.5) by two and add to (C.7) to see that
niC'=njC*,  a=2 (C9)

Substitute this relation into (C.6) to eliminate nj and set « =2 to find

3a,(C')?} 6JC'

= C.10
¢ nzb9 bSn} ( )
On the other hand, (C.7) with =1 implies
1 1
, angC' 2J
Cl=—>D——- C.11
b by (C.11)
Since J is as yet arbitrary, we see
3a 5 a{nl)?
bgl (€)= ’b: (C.12a)
6C' 2
——=— C.12b
bSny b, ( )
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If we set b7 /b;=3y?, (C.12a) tells us that C' = yn,, while (C.12b) says
that y = 1. So, as in Section 2, we take

b0 =3b,
and we now know that C'=n} and hence from (C.9)

ni=C%  1<a (C.13)
Equation (C.11) then tells us that

n= ‘1:‘ (nh)?—== (C.14)
and (C.5) gives the recursion relation
—ngnya, +3b, 3t = —J, 2<« (C.15)

We solve (C.15) as in Penrose''?: divide both sides of (C.15) by
a,Q.(nd)** ! to see that

—n;’,‘ ngt! J

+
Qa( Qa+l nO)a+] aan(n(l))a-'—]

(C.16)

[Here we used the relation 2¢,0,=Q,, b,., for 2<a, where Q, is
defined in (2.11).]
Now sum (C.16) from two to infinity to see that

2
—ng

=—J _—
Ox(ng) Z 4.0 no)“'

(C.17)

From our assumptions on the kinetic coefficients «,, b, of (3.1)-(3.4)
we know that a, > 4’ >0 and we see that

Z 1 1E 1
_—S__, -
El a,0,(ng)* A E, Q.(ngy)

which converges by the ratio test for ny>z5. So for n},>zg, (C.17) is well
defined, and combining (C.14), (C.16) and Q,b,=a,, we see that

Ll & }—'
Jing) = {m(né)”m G O (C13)
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Finally, summing (C.16) from « to infinity, we recover the formula

C*=ny=[fny), ny>zg (C.19)
where

fi=)=:
(C.20)
>z

z 1
)= o) J(z _—, z
f( ) Qa( ) ( ){ﬂgafl/}Qﬂ(z)ﬂ+l}

This proves Lemma 4.3.

Lemma C.1 (Penrose''”). (i) For each n}>zg, (C.15) defines a
unique bounded solution f*(ny). (i) For each fixed z, Q, f*(z) decreases
monotonically with a. (ii1) For fixed «, f*(z)/z increases monotonically with
z, and hence f*(z) increases strictly monotonically with z. (iv) The
sequence f*(z) has the upper bound /*(z) € Q,(z)% (v) In the limit z \ zg,
the sequence f*(z) becomes the equilibrium cluster distribution at

zst lim fH(z) = 0,(z5)*

N I8

and hence by (iii), f*(z) > Q. (z5)*

Theorem C.2 (Penrose!'?’). Let z be any number greater than =.
Then the following results hold: (i) a* (the critical cluster size) is at most
algebraically large in - — z. (ii) All moments of the equilibrium cluster size
distribution converge when

o

=zg0 ) a"Q,(z5)*< 0 (n=0,1,2,..)

a=1

(iii) The quantities J*(z) defined by J*(z) = a,. Q,»z*"* " and J(z) defined
by (C.18) are exponentially small in z—zg. (iv) The ratio p*(z)/J*(z),
PHY =2 v 120 (zs)* is at most algebraically large in z-—zg;
moreover, p¥*(z), being the product of p*(z)/J*(z) (at most algebraically
large) and J*(z) (exponentially small) is exponentially small in z —z.

Lemma C3. «,_ 0, ,/a,Q0.>zgforalla, a1, and a,Q,(z5)" is
monotone decreasing in a.

Proof. From the definition of Q,,

by _2x1Quoy amiQacy (c21)

2a, - 2a,Q, a,Q,
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From (3.3), (34) we know that b,/2a,>zg, lim,_, .(b,/2a,)=zs, and
b,/a, monotone decreasing, and so we have ¢, _,Q,_,/a,Q, >z for all «,
a>1. Furthermore, a,_,Q, _(z5)* '/a,Q.(z5)*> 1, so that a,Q.(z5)" is
monotone decreasing in «.

In the next group of lemmas m denotes the state defined by (4.2), and
S,=2coshd, +2coshd,+2coshd,.

Lemma C.4. [%m) is exponentially small in m{—zg, uniformly
ina, l<a For 0<my<zg, Ig(m)=0.

Proof. For a=2, we know that
Im)= —g*(my)(mSaa,+3b,) +(6—30,,) a,_, g*~ '(mg) my
+3b, 1877 (my) S, (C.22)

If in addition 2 <o < a* ~1, and g*(my) = f*(m}), we can use (C.1) to see
that

IAm)=Jm)(6—S,), 2<a<a*—1 (C.23)

[ Notice that if m}<:zgis a Maxwellian and I§(m) =0, the second part of
the lemma is easily obtained.]
If a=o* and my> =g, we see that

I3 (m) = — fAmmiSaa, +3b,) + (6~ 38 ,03) dou_\ f2" 7 N img) my
+ %bu‘ﬁ- 1 Qa‘+ l(:S)m*_\L! Sd

or by adding and subtracting 1b,.,,S, /> *'(m}) and using the definition
of f*(my}),

I3 (m) = J(m{) 6 — Sg) + 30,0 o 1 Sy Qe i) H = 27+ my))

This can be rewritten as

I (m) = J(m) (6 — Sy) + Sgtue( Qpelzg) ™! —QQL Y mb))
a* + i

Since
F¥ T me) < Qe 1 (mg)™ !
(Lemma C.1), we have

(T2°(m)| SJ(mg)(6 — Sg) + SqT*(ml) + Sya,e Qualmy)® !
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ie.,
1757 (m)] S J(mg}(6 — Sg) + 25T *(my) (C.24)
Next we consider the case a=o* + 1. We have
I m)= — Que 1 (z5) " (mySatym o +3bse 1)
H(6=30,m 4 1.2) Quf¥ (mg) My + 3b,0 2 Q% T zg) T2 S,
or adding and subtracting
Sar i t(MOMES qtgn 4 3bge 1) = 3bge 2 Sy f* T2 (m))
we find via (C.1) that
I777m) = J(mgi6 — Sg) + (mySaaue 1 +3b4e )
X(f* U mg) = Qoo 1(25)™ )
+abe 2 S(QF Az g)™ T2 = 2 X my))
But this then yields
15"+ (m)| ST(mg)(6— Sy) +mySype o S5 (my)
+mlSatpe o Qunyi(z5)* !

Qm"‘-f—]
Qa‘+2

+Sda1‘+]Q1*+I(ZS)“*+2+Sdam“+] fa**'z(m(]))

We now use Lemma C.1(1), (iv) to see that

|I3" Y (m)| K J(m)6—Sy) +myS a,e f*(mg)
-|—n—1@am.Q,,.(zS)’L”rl
“8
+ Sqtyr 1 Qor 1 1(Z6) T2+ Syttn o1 Qo (M) T2
and then apply Lemma C.1 to obtain
|75" % (m)| < J(mp)(6 — Sy) +mySya,. f*(m,)

N miS a4, Q(zg)" *!

Zs

S glgs Qr(ml)* 2
ALY Q~ 0

<s

+ 830 Qpe(zg)* !

822/83/546-20



1102 Slemrod
Since m} >z we then find via Lemma C.1(iv)

115" ()| < T(mb)(6 — S4) +mbS e Que(m})

N MyS 4ye Qus(my)*™ +!

Zs

Symyd e Que(my)* !

+ S ytgn Que(m* ' + -
Zs

1e.,

13+ (m)| < J(mb)(6 — Sg) +28,*(m)) + S""J*(mé) (C.25)

s

Next we consider a > a* + 2. In this case

I5(m —Qulzs moS a,+3b,)+(6—30,.) a,_ 1Qu—l(zs)a_lm(l)

dba+lQa+l( )a+]

which from the definition of Q, implies

I§m) = —moS4a, Qu(z5)* —2a,_, Qs \(25)"

+(6 3501" a—lQa—l Sa Im(!,l+[laQa(:S)a+lSd
But from Lemma C.3, a,Q,(z5)* is monotone decreasing and hence

[T3(m)| <mpS aus Que(z5)™ + 20 Quulz5)™ ™!

60 Qor(25)™ M+ e Qpulz5)* T S,
But m} >z, so we have
|I5(m)| < J*(mb)(8 +25,) (C.26)

Finally, in the case a=1, we use f*(m})=g%(m}), 1 <a<a* and
(C.26) to obtain
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Iim)= —S, Z {6a,my g (my) —3(1 +0,) b,y g+ (md)}

a=1

= —S Z 6a mQQa S)a_3(]+5a])ba+lQa+l(“S) +I}

— Sy{6a,m¢ g'(my) —6b, g2(my)}

a*—1

-, Z {6a,my g (my)—3b, ., g*" (my)}

=-S5, Z {6a,myQ.(z5)*—=3(1+0,1) by 10y i(z5)*T'}

—128,J(mg) — 68 J(my)(a* —2)
Hence we find, using b, ,0,,,=2a,0,, a =2, that
Iy(m)=S,a*J(mh) +65, Y {a,mbQu(zsl —(1+3,) 4,Qu(z5) "'}
or, since a*> 1,
I(l)(m) = Sda*J(mé) + 6Sd[aa‘nl(l) Qslz5)™
_(l —51‘1)aa"Qm‘(:S)a"Fl](m(l)—:S) 6Sd Z aaQu(:S)
x=a*+ 1
But since mj >z, this immediately yields from (3.1) that
Tim)| < S a*J(ml) + 128, J*(m}) + 6S (mi — z5) Ap*(m}) (C.27)
If we now apply Theorem C.2 to estimates (C.24)—(C.27), the lemma

is proven.

Lemma C.5. J,_,(m)—J,(m) is exponentially small in mj—zg,
uniformly in &, 2 <o« For 0 <m}<zg, J,(m)=0.

Proof. We know that
J(m)=8y2—08,,) a, g’my+ (6 —3d,,) a, gmy
_ba+1ga+lsd_3bzx+lg1+l

Since g¥my)=S*m}) for 1<a<a*, we know from (4.1) that
J(m)=J(m})(6+2S,) for ] <a<a*—1, where J is defined by (C.18).
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Also notice that when 0 <mj <z, m is a Maxwellian and the second part
of the lemma is proven. For m} > z5 we then trivially have

J._(m)—J(m)=0, I<a<a*—1 (C.28)
When o« =o* and m} > zg,
oo _(m) —Ja(m) = J(m)(6 4+ 2S,) — 28 40pn Qoe(z5)*" !
— 60, Q,0(z5)* m)}
Fbue 11 Qo s 1(26)™ T Syt 3bge 1) Qe s i (25)7 !
We now use Q, . ,b,.,=20,4a,, a=2, to see
Jao _y(m) = Ju(m) = J(my)(6 +283) — 28 4atye Qpelz5)*" (M — =)
— 6,0 Quu(zs)* (ML —2§)
and hence

[J e _1(m) = Ju(m)| < J(my)(6 +28,)

1
+ <"ﬂ— > (6+2S,) J*ml)  (C29)

-8
Next when a>a* +1 we find
Jo_iim)—=J,(m)= —2S,a,_,Q._(z5)* " (m—zs)
—6a, 10, 1(z5)*! (m(l)_-'s)
+28,a Ql(z )*(my—zs)
+6a,0.(z mo Zs)

le.,

1o — 1(m) = Jo(m)] < (2844 6)(mg—z5)(as 1 Qo 1(25)* ™" + 0, Qu(25)*)
and by Lemma C.3
1
|y 1(m) —J,(m)] <4(S, +3)<i—l>J*(m(',), aza*+1  (C30)
<s
Estimates (C.28)-(C.30) and Theorem C.2 prove the lemma.

Lemma C.6. J,(m)+3Y 7, J,(m) is exponentially small in mj—z.
For 0<my<zg, Ji(m)+ X7 (m)—

a=1
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Proof. Since m is a Maxwellian when 0 <mj}<zg, the second part
of the lemma is trivial. To prove the first part, we note that J,(m)=
uJ(m)(6+2Sy), | <a<a*—1, m)>:zg, so that

Jm)+ Y J(m)=a*(6+2S,) Jimb) +J..(m)
x=1

o

+2 ) {2S,a,Q.(z5) m;

x=a*+1
+6a,0,(z5)*my—b, 0, 1(25)* ! Sy
~3bu+lQu+l(:5‘)a+l}
=a*(6+2S,) Jimy)+ J,.(m)

o

+(64+2S)my—z5) Y a,0,(z5)*

x=a*+ ]

We now use (3.1) to obtain

Jim)+ Y J.(m)<a*(6+28,) Jmb)

a=1

+J(m) + (6 +2S,) A(my—zg) p*(my)
But since
J(m)=(64+28,) a,. Q,L.(zs)" m(‘,—ba.+,(Sd+3) Qa~+l(:'s)“*+l

we see that

1

|J1,(m)|<(6+2Sd)<%—l>J*(m(',), my>zg

-5

Hence

o 1
|Jy(m) + Y J(m)| a*(6+28y) J(my) + (6 +2Sy) <l%19— 1>J*(m(’))

N

a=]

+(6+28,) Almy—zg) p*(my) (C31)

Now use Theorem C.2 and the lemma is proven.

Inspection of Lemmas C.4-C.6 shows that the relevant quantities
given are exponentially small in my—z5. The definition of approximate
Maxwellian was given independently of its structure, i.e., only in terms of
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the macroscopic perturbation p(n) — ps. The next lemma shows that for m,
our candidate for an approximate Maxwellian given by (4.2), the two
perturbations are equivalent.

Lemma C.7. (a) For 0 <m{<:zg, we have the estimate
—my< ps— p(m)<const-(zg—my)

while (b) for zg <m_, we have the bounds

m)—zs<p(m) —ps<—— (my —z5)(a*)* J(my)

7
A'zg
Proof. (a) If 0 <m <z,

—p(m)=(1+2cosh ¢, +2cosh ¢, +2cosh ¢;)

X Z a0, (( (m§)*)
x=1
<7 Z aQ (zs—mNz% '+ 25 ' mi+ -+ (m)* Y
<7 ) ?Qlzg—mg) =%
a=1
m0 -
<7 Y a’Q,z%<const - (zg—my)

"S a=1
by Theorem C.2(ii). On the other hand, since

ps—p(m)=(1+4+2cosh ¢, +2cosh ¢, +2 cosh ¢;)
X Y a@u(z5)*— (my)™)
a=1

where all the terms in the sum are nonnegative, we can retain only the first
terms to see pg— p(m) = (zg—m)).
(b) Ifzg<my,

pm)—ps=(1+2cosh ¢, +2cosh ¢, + 2 cosh ¢;)

x Y a(fH(mb)— Qulz5)")

a=1
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so again, since the terms in the series are nonnegative, we can use only the
first term to see that p(m) — pg > my—z5. To obtain the bound from above
we use the estimate f*(m;) < Q,(my)* of Lemma C.1(iv) to find

a*

p(m) —pe<7 Z “Qa(m(l)‘zs)((m(’))a_l

a=1

+zg(my)* "+ - +2371)

my—zs a1, Ty —2 a—1y .2
T—=5=3 aQ(my)*~ ' +=mp)* 2+ -  +2%71) 2

) a=1

A

nﬂ__7s a*
< 2
<7252 ) «2Q mi)* !

2
S a=1

N

a*

1 2 1
my—zg Z x“a, Q,(mg)

<s a=1 a,

a+1

1 .
mo—.’.s

<7 >
A'zg

(a*)* T*(my)

via (3.1) and definition of J*(m{). The lemma is proven.

Proof of Theorem 4.4. Lemma C.7 and the fact that a* is at most
algebraically large as m( > z5 and J*(m,) is exponentially small as m} N zg
shows that |my—zg| < |p(m)—pg| and |p(m)—pg| <const- |m} —zg| for
my sufficiently close to zg. Hence, if a quantity is exponentially small with
respect to |mg—zg|, it is exponentially small with respect to |p(m)—pg|.
Now use Lemmas C.4-C.6 and the theorem is proven.
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